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7.1.1 The Method

The methed used in all the examples here can be summarized as follows:

1. Anticipate the form of the antiderivative by an approzimate form (correct up to a multi-
plicative constant).

2. Differentiate this approximate form and compare to the original integrand function;

3. If Step 1is correct, i.e., the approximate form’s derivative differs from the original integrand
function by a multiplicative constant, insert a compensating, reciprocal multiplicative con-
stant into the approximate form to arrive at the actual antiderivative;

4. For verification, differentiate the answer to see if the original integrand function emerges.

For instance, some general formulas which should be quickly verifiable by inspection (that
is, by reading and mental computation rather than with paper and pencil, for instance) follow:

/e’“ de = %ekm +C, (7.1)

/cos kxde = % sinkz + C, (7.2)

/ ginkrdz = —% coskzx + C, (7.3)

/sec2 krdx = % tankz + C, (7.4)

/csc2 kxdz = _715 cotkx + C, (7.5)

/ seckztankzder = }15 seckx + C, (7.6)

/CSC krcotkzde = —% csckz + C, (7.7)

/ ! de = —1-1n|aa:+b| +C. (7.8)
ax+b a

Example 7.1.2 The following integrals can be computed with u-substitution, but alse are com-
putable by inspection:

. 1 z T
Tz _ Tz = — i —
. /e d:c-_{e +C, 0/c032da: 2sm2+C,
1 1 9 1
. dr = -Ini5z— 9|+ C, o [ sec*maxdr = —tanmz +C,
5z — 9 5 _ T
. 1 1
. /smE):cdm: —-5-cos5as+C, . /cscﬁmcotﬁmd.'z: ~% cse 6z + C.

While it is true that we can call upon the formulas (7.1)—{7.8), the more flexible strategy is
to anticipate the form of the antiderivative and adjust accordingly. For instance, we have the
following antiderivative form, written two ways:

'/‘ldu=1nlu|+0,
U

f'(z)
f(z)

dz =In|f(z)| + C.
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8.2 POWERS OF SINE AND COSINE

Functions consisting of products of the sine and cosine can be integrated by using substi-
tution and trigonometric identities. These can sometimes be tedious, but the technique is
straightforward. Some examples will suffice to explain the approach.

EXAMPLE 8.2.1 Evaluate / sin® z dx. Rewrite the function:

/‘sin5 rdr = /sinmsin4 xdr = /sm z(sin? z)? dx = /s‘m z(1 — cos® z)? du.
. Now use u = cosz, du = — sinzx dx:

/Smx(l—-cos )2 dm—/—(l—u2)2du
:/—(1—2u2+u4)du

2 1
=—u+§u3—-gu5+0

2 3

1
:—cosg:+§cos z— —cos°z <+ C.

5
|

EXAMPLE 8.2.2 Evaluate / sin® zdx. Use sin?z = (1 — cos(2x))/2 to rewrite the

function:

(1- 2x)

/sinﬁxd:czf sin? :c f co8 :z:
_1
8

/1—3cos2x+3cos 2x — cos® 2z dzx.

Now we have four integrals to evaluate:
f ldr==x

/—300529: dr = —g sin 2z

and
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are easy. The cos® 2 integral is like the previous example:

/ —cos® 2z dr = / —cos 2z cos® 2z dzx

— cos 2z(1 — sin” 2z) dz

1 u3
= —_—— U — —

2 3

1 cin 2 sin® 2z
= ——|8in2zx —

2 3

And finally we use another trigonometric identity, cos® x = (1 4 cos(2z))/2:

1 4 ind
R !

So at long last we get

3 1 in® 2 3 in4
fsinaxdm=§—ﬁsin2x——i€ (51112:5— s :c) (:c S

v 2 )+c
3 4 o

16
EXAMPLE 8.2.3 Evaluate / sin® z cos® z dx. Use the formulas sin® 2 = (1—cos(2z))/2

and cos® x = (1 + cos(2z))/2 to get:

1 - 2 1 2
]Sinzmcoszxda: :/ C;S( z) . +C;S( z) dx.

The remainder is left as an exercise. m|

Fxercises 8.2.

Find the antiderivatives.

1. /sinzmdm = 2, fsin3 rdr =

3. /sin4a:da: = 4, /cos2 zsin® z dx =
5. /0053 rdz = 6. /sin2 xcos® ¢ dr =
7. /cosgmsin2a:dac = 8. /sinm(cosw)3/2 de =
9. fseczsccscz.rdsc = 10. ftanaa:seca:d:c =



